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Abstract. Many multivariate series in traffic, energy and weather mon-
itoring are dominated by a known cycle whose phase differs across chan-
nels and drifts within a window. We propose KOPA, a Kuramoto Oscil-
lator Phase Adapter that can be attached to any forecasting backbone.
From the look-back window KOPA estimates, in closed form, the har-
monic profile and the phase drift of every channel; it then propagates
the phase deviations over the horizon with Kuramoto dynamics on a
learned low-rank coupling graph, so that physically coupled channels
pull each other back into alignment. The coupled harmonic forecast is
added to the backbone, which only models the residual. A per-channel
gate initialised at zero makes the combined model start exactly at the
backbone, and the adapter adds only N(r 4+ 1) + 2 parameters for N
channels and rank r. We state six elementary properties of the adapter
(exact reduction, exact harmonic recovery, approximate drift recovery,
gradient-flow structure, bounded phase dispersion under coupling, and
a Lipschitz forecast-error bound) and verify them numerically. On six
benchmarks with a pronounced dominant cycle, three backbones (DLin-
ear, PatchTST, iTransformer) and four horizons, KOPA reduces the test
MSE in 67 of 72 settings, by 2.1% on average and up to 10%, and the
resulting models are competitive with the periodic baseline CycleNet.
An ablation shows that harmonic removal explains most of the gain,
while the Kuramoto coupling adds a further 0.6-0.9% on the two road-
traffic sensor networks whose channels are tightly phase-locked but drift
at different rates.

Keywords: Time series forecasting - Kuramoto model - Phase synchro-
nisation - Seasonality - Plug-in module.

1 Introduction

Long-term multivariate forecasting has recently been dominated by two de-
sign choices: light channel-independent models such as DLinear [29] and
PatchTST [19], which share one mapping across channels, and inverted Trans-
formers such as iTransformer [13], which attend across channels but treat the
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whole look-back window as a token. Both families are trained end-to-end on
raw windows, so they must re-learn, from data, something that is often known
in advance: the series are built around a dominant cycle. Hourly electricity con-
sumption and road traffic follow the day, five-minute traffic-flow sensors follow
the 288-step day, and chaotic oscillator networks rotate around their attractor
with a characteristic period, a regularity that specialised chaotic forecasters
also exploit [18]. A simple, explicit treatment of this cycle can be surprisingly
competitive; CycleNet [11], which subtracts a learned periodic pattern before a
linear map, is a recent example.

Explicit periodic models, however, make an assumption that is rarely true
in multivariate data: that every channel sits at the same phase of the cycle
and stays there. Sensors on a road network peak at different times depending
on their distance from the city centre, electricity customers have different daily
profiles, and the “phase” of a channel measured on one window differs from
the phase measured on the next. Within a look-back window the phase of each
channel drifts, and if the drift is extrapolated linearly over a long horizon the
harmonic forecast of neighbouring channels fans out, even though physically
coupled channels (adjacent road sensors, oscillators sharing a mean field) should
stay aligned.

This is exactly the situation described by the Kuramoto model of coupled
oscillators [9,24,1,21]: oscillators with slightly different natural frequencies, cou-
pled through the sine of their phase differences, synchronise when the coupling
is strong enough relative to the frequency spread. We use this model as a fore-
casting device. The Kuramoto Oscillator Phase Adapter (KOPA) estimates,
from the look-back window and in closed form, the harmonic coefficients and
the phase drift of every channel. It then integrates the Kuramoto equation
o; = d; + Zj K;;sin(¢; — ¢;) over the horizon, with a learned low-rank cou-
pling matrix K, and reconstructs a harmonic forecast with the resulting phases.
The harmonic part is removed from the backbone’s input and the coupled har-
monic forecast is added to its output, with a per-channel gate that starts at zero.
KOPA therefore (i) starts exactly at the backbone, (ii) adds very few parameters,
and (iil) works with any backbone, channel-independent or not.

Our contributions are the following.

1. We introduce KOPA, a plug-in adapter that combines closed-form harmonic
and phase-drift estimation with Kuramoto phase propagation on a learned
low-rank coupling graph (Sect. 3).

2. We state six elementary properties of the adapter: exact reduction to the
backbone at initialisation, exact recovery of harmonic coefficients on whole
cycles, approximate recovery of the detuning, the gradient-flow structure of
the phase dynamics, bounded phase dispersion under sufficient coupling from
a phase-cohesive start, and a Lipschitz bound of the harmonic forecast error
in terms of the phase error (Sect. 3.6). All six are verified numerically.

3. On six benchmarks with a pronounced dominant cycle, three backbones and
four horizons, KOPA improves the test MSE in 67 of 72 settings and the
resulting models are competitive with CycleNet (Sect. 4). An ablation sep-
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arates the contributions of harmonic removal, phase drift and Kuramoto
coupling, and two window-level diagnostics (phase-locking value and drift
dispersion) indicate on which datasets the coupling pays off.

2 Related Work

Long-term forecasting backbones. Transformer forecasters [31,28,33,15,30] were
challenged by the observation that a one-layer linear map on a decomposed win-
dow (DLinear) is a strong baseline [29]. Since then the field has converged on
patching and channel independence (PatchTST [19]), inverted attention across
channels (iTransformer [13]), and multi-scale MLP mixers [2,4,26]. KOPA re-
stores one specific kind of cross-channel information, phase coupling, without
changing the backbone; we use DLinear, PatchTST and iTransformer because
they span the three families.

Periodicity and frequency. Fourier terms as regressors are standard in statis-
tical forecasting [7,25]. In deep models, periodicity enters through frequency-
domain attention [33,32], through folding the series along its dominant periods
(TimesNet [27]), through basis expansions [20], through sparse period-aligned
linear maps [12], or through an explicit learned cycle indexed by absolute time
(CycleNet [11]). All of these treat the phase of the cycle as fixed per channel;
none models how phases of different channels evolve jointly over the horizon.
Koopman-based predictors [14,17] learn linear latent dynamics but not an oscil-
lator structure.

Oscillators in neural networks. Coupled oscillators have been used as recurrent
units with provably bounded gradients [23] and, very recently, as Kuramoto-type
neurons whose synchronisation performs binding [16]. These works use oscillators
as a computational substrate; KOPA uses the Kuramoto equation literally, as a
model of how the measured phases of physically coupled channels behave, and
keeps it outside the backbone as an adapter.

3 Method

3.1 Setting and notation

Let x € REXYN be a look-back window of N channels and y € R¥*¥ the horizon
to predict. A backbone fy maps x to y. We assume that a base period P < L is
known (24 for hourly data, 288 for five-minute data) or, for synthetic systems,
estimated as the dominant period of the channel-averaged power spectrum of the
training set. We write wy = 27/P, index the look-back by t = —(L — 1),...,0
so that ¢ = 0 is the last observed point, and index the horizon by 7 =1,..., H.

As in RevIN [8] every window is instance-normalised, X = (x — p)/o with
per-channel statistics of the window, and the prediction is de-normalised at the
end. All quantities below are computed on x.
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Fig. 1. KOPA wraps a backbone. Orange blocks are the adapter: closed-form harmonic
and drift estimators, a Kuramoto integrator with a learned low-rank coupling K, and
a per-channel gate 3 initialised at 0; grey blocks are unchanged. With 8 = 0 the model
is exactly the backbone.

3.2 Closed-form harmonic estimation

The last W = |L/P] P points of the window cover an integer number of cycles.

For every channel i and harmonic m = 1,..., M (we use M = 3) the complex
coefficient
2 O .
Cim = W Z jt,i e_lmwlt (1)
t=—(W—1)

is a fixed linear functional of the window (two W x M matrices of cosines and
sines, precomputed once). The harmonic profile of channel ¢ over the look-back
and over the horizon is

M
back ¢ fut i
85 = g Re cme‘m“’1 ) s (@ E Re c” (w1t +¢ )) (2)

m=1

where ¢, ; is a phase deviation from the nominal phase w;7. With ¢ = 0, sfut
is the plain periodic extrapolation of the fitted harmonics; the whole point of
KOPA is to predict ¢.

3.3 Closed-form phase-drift estimation

A channel whose true frequency is wi + §; accumulates a phase deviation that
grows linearly within the window. We estimate it with a windowed phase: for
n, = min(9, L — P + 1) offsets oy spread uniformly over [0, L — P], the complex
projection zx; = ZtEWk Zy 67191t of the P-point sub-window Wj, gives a phase
0k; = arg zx;. The phases are unwrapped along k and a least-squares line is fitted
against the sub-window centres; its slope di*¥ (radians per step) is the drift. The
raw slope is bounded and damped on channels with a weak fundamental,

2
a;

d; = Y rmax tanh(diaw/dmax) mv

= lci1]?, dmax = 4+, €=0.05, (3)
with a single learnable gain ~ initialised at 1. The estimator is computed without

gradient; only + is trained. Since the harmonic fit (1) is centred on the fit window,
the deviation at t =0 is ¢o,;, = d;(W —1)/2.
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3.4 Kuramoto propagation over the horizon

Without coupling, the deviation would be extrapolated linearly, ¢, ; = ¢o ;+d;T,
and channels would fan out at rates d; — d;. Instead, KOPA integrates the
Kuramoto model

N
bi=dit Y Kiysin(g;—¢;), K= % UUT, U = softplus(U)/In2 € RN},
(4)

from ¢g over 7 € [0, H]. The coupling matrix is symmetric, non-negative and of
rank r (r =4); with U = 0 it is the uniform all-to-all coupling x/N, so training
starts from the classical mean-field Kuramoto model and learns non-uniform cou-
pling strengths from there. The global strength is £ = Kmax Sigmoid(Kraw ), ini-
tialised at min(1/P, Kmax/2). Equation (4) is integrated with Heun’s method on
n = min(max(8, H/4),96) steps of size A = H/n, with Kmax = min(0.5,1.5/A)
to keep the explicit integrator stable, and the trajectory is linearly interpolated
to the integer horizon steps. The sum in (4) is never formed as an N x N ma-
trix; with C' = cos ¢, S = sin ¢ the coupling term equals & [C' ® ((SU)UT) - S ®
((CUYUT)])/(Nr) and costs O(NT) per step.

j=1

3.5 Gated integration with the backbone

The backbone receives the window with the harmonic part removed and its
output is corrected with the coupled harmonic forecast,

y=/fo(x— B0 +B0sM(¢), BeRY, B =0, (5)

followed by de-normalisation (Fig. 1). The gate 3 is per channel, so a channel
without a usable cycle can keep (3; ~ 0. The trainable parameters of KOPA are
B (N), v (1), kraw (1) and U (Nr); everything else is a fixed linear functional
of the window. KOPA and the backbone are trained jointly with the MSE loss;
because the adapter has so few parameters it uses a larger learning rate than
the backbone.

Three variants are used in the experiments: +Harm (¢ = 0: harmonic re-
moval and periodic extrapolation only), +Drift (x = 0: linear extrapolation of
the estimated drift, no coupling) and +KOPA (drift and learned coupling).

3.6 Properties

The following statements are elementary but they say precisely what the adapter
can and cannot do. Each was checked numerically (Table 1).

PO Exact reduction. With 8 = 0, (5) equals fy(X) for any backbone, so KOPA
is initialised at the backbone and cannot start worse than it.

P1 Exact harmonic recovery. If Z,;, = b+ > = A, cos(mwit + J,,) on the
fit window of W whole cycles, then c¢;,, = A,V exactly; the constant b
and all harmonics of other orders are annihilated by the orthogonality of the
sampled exponentials.
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Table 1. Numerical checks of PO-P5 (double precision; L = 336, P = 24, M = 3).

Property Quantity checked Value
PO max | fo(x) — KOPA(X)| at 3 = 0, three backbones and CycleNet, random x 0
P1 maxXy, [cm — Ame?™|, random A, O.m, offset b= 0.7 2.1 %1071
P2 max |[d"™" — §| /w1 over 50 detunings |§] < 0.2w1 2.2x1073
P3 V non-increasing along 4000 Euler steps; max |VV + | (finite diff.) true; 4.0 x 1071
P4 fraction of 200 random systems (5 < N < 60, aligned start) with spread < 7/2 1.00

median uncoupled spread of the same systems at 7 = 300 (rad) 24.4
P5 violations of the bound in 2000 random (¢, 7, ¢, ¢*) 0

P2 Drift recovery. For a single detuned oscillation cos((w; + 8)t + ) the un-
wrapped windowed phase is affine in the sub-window centre with slope ¢ up
to the leakage of the P-point projection, so d*V =~ §.

P3 Gradient flow. For symmetric K > 0, the right-hand side of (4) is —V,V
with V(¢) = =3, digi — & > Kijcos(¢j — ¢;), hence V = —[|¢]|? < 0: the
continuous-time phase dynamics is a gradient flow and cannot blow up. (The
discrete Heun scheme is kept stable separately, by the bound s < kpax tied
to the step size.)

P4 Bounded dispersion. Let Ad = max; d; — min; d;. With uniform coupling
K;; = k/N, k > Ad, and initial phases contained in an arc of length below
/2, the spread max; ¢; — min; ¢; stays below /2 for all 7: this is the phase-
cohesiveness condition of the Kuramoto model [3,5], which is a statement
about the synchronised region and not about arbitrary initial states. Without
coupling the spread grows as Ad .

P5 Forecast-error bound. For any two phase vectors, [s™M(¢) — sl (¢*)| <
> m M|Ciml [@ri — &% ;|, so the error of the harmonic forecast is controlled by
the phase error, with a constant that grows with the harmonic order.

P4 and P5 together give the rationale of the adapter: for channels that start
phase-cohesive, coupling keeps their phase error bounded over long horizons,
and a bounded phase error gives a bounded harmonic-forecast error. They also
say when KOPA should not help: when channels are not phase-locked, or when
the fundamental is weak and (3) damps the drift.

4 Experiments

4.1 Setup

Datasets. We use five public benchmarks with a pronounced dominant cy-
cle and one synthetic coupled-oscillator network (Table 2). Traffic (862 road-
occupancy sensors, hourly) and Electricity (321 clients, hourly) follow a daily
cycle, P = 24 [10]. PEMS0/4 (307 sensors) and PEMS08 (170 sensors) are five-
minute traffic-flow series with P = 288 [6]. Weather (21 meteorological variables,
10-minute) has P = 144 [28]. C-Rdéssler is a network of N = 16 phase-coherent
Rossler oscillators [22] with heterogeneous natural frequencies w; ~ 4(0.93, 1.07),
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Table 2. Datasets, window-level phase diagnostics on the training set, learned adapter
parameters, and average MSE reduction of +KOPA over the backbone (Gain), aver-
aged over three backbones and four horizons. a: mean fundamental-amplitude confi-
dence a?/(a® + ¢); PLV: inter-channel phase-locking value of the fundamental; o4/ws:
cross-channel dispersion of the drift relative to the base frequency; || and xP: learned
gate and coupling strength (per period) averaged over backbones and horizons.

Dataset N T P a PLV oq/wi |B] kP Gain (%)

Traffic 862 17,544 24 0.95 0.98 0.005 0.52 1.59 +41.38
Electricity 321 26,304 24 0.93 094 0.013 041 135 +1.31
PEMS04 307 16,992 288 0.97 0.97 0.068 0.29 247 +1.72
PEMS08 170 17,856 288 0.97 0.97 0.058 0.25 2.93  +43.57
Weather 21 52,696 144 0.83 0.46 0.257 0.25 0.75 +1.34
C-Rossler 16 20,000 30 0.89 0.95 0.047 0.06 0.89 +3.48

parameters (a, b, ¢c) = (0.15,0.2,10), and mean-field diffusive coupling of strength
0.12 in the z variable; it is integrated with RK4 (step 0.05, every fourth sample
kept, 20,000 points) and only x; is observed. Its period, P = 30, is estimated
from the training spectrum. Splits are 7:1:2 in time.

Protocol. The look-back is L = 336 and the horizons are H € {96,192, 336, 720}
for the public datasets and {24, 48,96,192} for the faster-rotating Rossler net-
work. Backbones are DLinear [29] (moving-average kernel 25), PatchTST [19]
(patch 16, stride 8, 3 layers, d = 128) and iTransformer [13] (2 layers, d = 128).
CycleNet/Linear [11] is run as a periodic reference with the cycle lengths recom-
mended by its authors (168 for Traffic and Electricity, otherwise P). All models
are trained with Adam on the MSE, at most 8 epochs of at most 150 batches,
learning-rate decay 0.8 per epoch, early stopping on the validation MSE with
patience 2, gradient clipping at 1, and the best validation checkpoint is tested.
Batch sizes are set per backbone so that the number of series per batch is
bounded. The backbone learning rate is 1073 (DLinear, CycleNet) or 5 x 10~4
(Transformers); KOPA parameters use 5 x 1073. All runs use the same fixed
seed and identical protocol for the backbone and its KOPA variants, so that
each comparison differs only in the adapter. Metrics are MSE and MAE on the
standardised test set. Code, configuration and the Rossler generator are available
at https://www.thanhnhan.info/kopa.

4.2 Main results

Table 3 reports the full grid. KOPA reduces the test MSE of its backbone in 67 of
the 72 (dataset, horizon, backbone) settings and the MAE in 67 of 72 as well; the
average MSE reduction is 2.1% (DLinear 1.8%, PatchTST 2.9%, iTransformer
1.8%) and the largest single reductions are on PEMS08 (9% at H = 96 with
DLinear), on the Réssler network (10% at H = 192 with PatchTST) and on
PEMS04 (6.6% at H = 720 with PatchTST). A one-sided Wilcoxon signed-
rank test over the 72 paired settings rejects equality of backbone and +KOPA
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Fig. 2. MSE reduction of +KOPA over the backbone for each dataset and horizon
(Hi < --- < Hy are 96/192/336/720, or 24/48/96/192 for C-Réssler).

at p < 10710, The five settings where KOPA is worse are three horizons of
PEMS04 with iTransformer (at most 2.2% worse) and two horizons of Weather
with PatchTST (at most 0.9%); in no case does the adapter degrade a backbone
by more than that.

Gains are largest on the two PEMS datasets and on the Rossler network (3.5
3.6% on average, Table 2), where the fundamental is strongest (a > 0.89), and
around 1.3-1.4% on Traffic, Electricity and Weather. On the Rossler network
the learned gate is small (]3| = 0.06) but the base MSE is an order of magnitude
below that of the other datasets, so a small correction is a visible relative gain.
Fig. 2 shows the reduction per horizon: it is present at every horizon and does
not vanish at H = 720.

CycleNet/Linear serves as a periodic reference. The best KOPA-equipped
backbone has a lower MSE than CycleNet on every horizon of five datasets and
on two of the four horizons of Electricity, but part of that margin belongs to the
backbones themselves, since the best plain backbone already beats CycleNet on
four of the six datasets. The comparison of comparable size is DLinear+KOPA
against CycleNet, two linear models of which only CycleNet knows the absolute
time index: DLinear+KOPA is ahead on the Rossler network (4 of 4 horizons),
Weather (3 of 4) and PEMSO08 (2 of 4), and behind on Traffic and Electricity,
where CycleNet’s weekly cycle of 168 carries information that a daily adapter
does not have.

4.3 Ablation: harmonic removal, drift, coupling

Table 4 and Fig. 3 separate the three ingredients on the DLinear backbone,
averaging the MSE over the four horizons. Harmonic removal alone (+Harm)
already improves every dataset and, on Weather, Electricity and Traffic, it ac-
counts for essentially the whole gain; on Weather it is even better than the full
adapter (3.0% versus 1.2%), i.e. the drift estimated on the 21 heterogeneous
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Table 3. Test MSE / MAE (lower is better) on six datasets, four horizons H and three
backbones, with and without KOPA. Bold marks the +KOPA entry when it is at least
as good as its backbone. CycleNet/Linear is a periodic reference. All runs share one
fixed seed and one protocol.

Data H DLinear +KOPA PatchTST +KOPA iTransformer +KOPA CycleNet
MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE

96 0.422 0.300 0.420 0.296 0.415 0.297 0.408 0.290 0.424 0.315 0.415 0.305 0.414 0.296
192 0.436 0.307 0.435 0.305 0.427 0.302 0.424 0.295 0.453 0.332 0.443 0.323 0.428 0.302
336 0.448 0.311 0.446 0.308 0.442 0.309 0.434 0.299 0.470 0.341 0.460 0.332 0.440 0.307
720 0.478 0.328 0.476 0.325 0.464 0.319 0.458 0.311 0.510 0.364 0.496 0.353 0.469 0.324

96 0.145 0.243 0.145 0.242 0.143 0.240 0.138 0.233 0.147 0.248 0.144 0.244 0.140 0.239
192 0.159 0.256 0.159 0.255 0.158 0.253 0.157 0.252 0.167 0.267 0.164 0.264 0.155 0.253
336 0.176 0.271 0.175 0.271 0.176 0.272 0.173 0.267 0.186 0.285 0.182 0.281 0.172 0.268
720 0.215 0.304 0.215 0.303 0.213 0.301 0.209 0.296 0.229 0.321 0.225 0.317 0.211 0.301

96 0.203 0.296 0.197 0.293 0.192 0.305 0.182 0.288 0.143 0.252 0.146 0.254 0.202 0.301
192 0.224 0.306 0.223 0.306 0.213 0.308 0.211 0.304 0.175 0.283 0.170 0.277 0.221 0.313
336 0.245 0.326 0.244 0.325 0.230 0.324 0.215 0.309 0.197 0.303 0.200 0.303 0.244 0.332
720 0.350 0.398 0.348 0.397 0.267 0.353 0.249 0.342 0.255 0.354 0.257 0.353 0.315 0.384

96 0.259 0.319 0.235 0.312 0.193 0.286 0.181 0.279 0.153 0.254 0.152 0.251 0.257 0.319
192 0.302 0.345 0.293 0.343 0.243 0.311 0.239 0.312 0.198 0.278 0.186 0.267 0.310 0.352
336 0.326 0.360 0.322 0.359 0.262 0.320 0.256 0.314 0.226 0.300 0.220 0.297 0.322 0.362
720 0.411 0.432 0.397 0.424 0.299 0.363 0.286 0.354 0.286 0.356 0.282 0.356 0.367 0.412

96 0.176 0.226 0.169 0.221 0.148 0.197 0.149 0.199 0.163 0.213 0.158 0.207 0.177 0.227
192 0.217 0.260 0.216 0.259 0.194 0.240 0.190 0.237 0.207 0.253 0.200 0.245 0.218 0.262
336 0.266 0.295 0.263 0.293 0.243 0.280 0.243 0.280 0.254 0.288 0.252 0.284 0.264 0.294
720 0.334 0.343 0.333 0.343 0.320 0.333 0.319 0.333 0.329 0.341 0.324 0.335 0.333 0.341

24 0.012 0.068 0.012 0.068 0.007 0.055 0.007 0.054 0.007 0.055 0.006 0.054 0.014 0.077
48 0.020 0.093 0.020 0.092 0.009 0.064 0.009 0.063 0.009 0.065 0.009 0.064 0.022 0.099
96 0.041 0.131 0.039 0.127 0.014 0.083 0.014 0.080 0.012 0.079 0.012 0.079 0.043 0.136
192 0.085 0.184 0.081 0.178 0.030 0.116 0.027 0.110 0.023 0.106 0.022 0.105 0.088 0.188

Traffic

Electricity

PEMS04

PEMS08

‘Weather

C-Rossler

weather channels is not worth propagating. Propagating the drift without cou-
pling (+Drift) adds on the Rossler network and on the two PEMS datasets but
costs a little on Weather and Electricity. The Kuramoto coupling (+KOPA) adds
a further 0.6-0.9% on PEMS04 and PEMSO08 and is neutral elsewhere, includ-
ing the Rossler network (40.1%); it has the best average rank (1.71) ahead of
+Harm (2.04) and +Drift (2.25).

Over all 72 settings of the main grid, +KOPA is better than +Drift in 57%
of the cases and the paired Wilcoxon test gives p = 0.01; the improvement is
concentrated on the two PEMS datasets, where the coupling gain is +0.8% and
+0.3% averaged over the three backbones. The division of labour is therefore
clear: harmonic removal provides the bulk of the gain on every dataset, and the
Kuramoto coupling is the component that pays off on sensor networks whose
channels are physically coupled.

4.4 When does the coupling help? Two diagnostics

Equation (4) can only change a forecast if (i) channels drift at different rates, oth-
erwise there is nothing to synchronise, and (ii) channels are phase-locked in the
data, otherwise synchronising them is wrong. Table 2 reports two window-level
statistics of the training set that measure exactly this: the inter-channel phase-
locking value (PLV) of the fundamental, |E €l(?i=?%)| over random channel pairs,
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Table 4. Ablation on the DLinear backbone: test MSE averaged over the four horizons,
and relative gain over the backbone. +Harm: harmonic removal with periodic extrap-
olation (¢ = 0); +Drift: linear extrapolation of the estimated drift (x = 0); +KOPA:
drift and learned coupling. Average rank over the 24 (dataset, horizon) pairs.

Dataset Average test MSE Gain over backbone (%)

Backbone +Harm +Drift +KOPA +Harm ~+Drift +KOPA
Traffic 0.4459  0.4438 0.4442 0.4439 +0.48 4040 +40.45
Electricity 0.1739  0.1734 0.1734 0.1735 +0.27  40.23 40.21
PEMS04 0.2556 0.2550 0.2547 0.2532 +0.23 +0.34 4+0.95
PEMSO08 0.3247 0.3176 0.3147 0.3118 +2.18 +43.06 +3.95
Weather 0.2483 0.2408 0.2452 0.2453 +3.02  +1.22 +1.21
C-Rossler 0.0395 0.0384 0.0379 0.0379 +2.74 +44.11 +4.19
Average rank 4.00 2.04 2.25 1.71

+Harm (harmonic removal)
mmm  +Drift (no coupling)
B +KOPA (drift + coupling)

I
1

w
1

_
1

MSE reduction vs. DLinear (%)
N
1

o
i

Traffic Electricity PEMS04 PEMS08 Weather C-Rdssler

Fig. 3. Ablation on DLinear: MSE reduction of the three variants, averaged over hori-
zons.

and the cross-channel dispersion o4 of the estimated drift relative to w;. The
two datasets with the largest coupling gain in Table 4, PEMS08 and PEMS04,
combine a high PLV (0.97) with a sizeable drift dispersion (0.058): sensors on
the same freeway are locked to the same day but their peaks move at differ-
ent rates within a window. Traffic and Electricity are locked (PLV 0.98, 0.94)
but barely drift (0.005, 0.013), so +Drift and +KOPA coincide with +Harm.
Weather drifts strongly (0.26) but is not locked (PLV 0.46), so coupling is not
justified and indeed does not help. The Rossler network is the exception that
bounds the rule: it is locked (PLV 0.95) and drifts (0.047), yet the coupling adds
only 0.1% beyond +Drift. Its 16 oscillators are generated with a global mean-
field coupling, so their phases are already cohesive and the drift-only forecast
captures most of their aligned motion, leaving little for the Kuramoto term to
correct; the learned P (0.9) is accordingly small. The learned coupling strength
follows the same pattern on the other datasets: kP is 2.9 and 2.5 on PEMS08
and PEMS04, 1.3-1.6 on Traffic and Electricity, and smallest (0.75) on Weather.
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Fig. 4. Learned coupling matrices K (x103) with the DLinear backbone at H = 96.
Left: the 16-oscillator Rossler network. Right: the 170 PEMS08 sensors.

The two diagnostics therefore give a necessary, not a sufficient, condition: cou-
pling can only help when PLV is high and the drift dispersion is not negligible;
when either fails, the cheaper +Harm variant is the better choice.

4.5 Learned coupling graphs

Fig. 4 shows the learned K = xUU" /(Nr) for the Rossler network and for
PEMSO08 (DLinear, H = 96). Both start from the uniform matrix and remain
dense, as expected from a rank-4 non-negative factorisation, but they are no
longer uniform: on the Réssler network the row sums range over a factor of seven
between the least and the most coupled oscillator, and on PEMSO08 over a factor
of 25, i.e. the adapter learns which sensors act as hubs of the phase dynamics. We
do not claim that K recovers the road graph; the rank-4 constraint is a capacity
control, not a structural prior.

4.6 Cost

KOPA adds N(r + 1) + 2 parameters: 82 for the Réssler network, 1,607 for
Electricity, 4,312 for Traffic, against 2.2x 10° (DLinear), 3.5 x 10° (iTransformer)
and 2.2 x 105 (PatchTST) for the backbones. The harmonic and drift estimators
are fixed linear maps of the window. The dominant cost is the Heun integration
of (4), 2n evaluations of an O(Nr) coupling term per window with n < 96,
i.e. O(nNr) per window independently of the backbone size and linear in the
number of channels. The +Harm variant has no integrator and costs the same
as the backbone.

5 Limitations

The study uses a single training seed per setting and an identical protocol for
every model; the 2% average effect is consistent across 72 settings and three
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backbones, but individual entries of Table 3 carry the usual run-to-run vari-
ability. KOPA assumes one known base period and is designed for series with a
pronounced dominant cycle; on series without one the learned gate is expected to
stay near zero (PO guarantees only the starting point), and we have not pursued
multi-period extensions. The training budget is deliberately reduced (at most 8
epochs of 150 batches for every model), so absolute errors are above the best
published numbers for these backbones and all comparisons are within-protocol.
Finally, the coupling helps only when channels are phase-locked and drift; the
diagnostics of Table 2 are our proposal for deciding this in advance, validated
on six datasets only.

6 Conclusion

KOPA treats the dominant cycle of a multivariate series as what it physically
is: a population of oscillators with slightly different frequencies that are cou-
pled to each other. Closed-form estimation of harmonics and drift, Kuramoto
propagation on a learned low-rank coupling graph, and a zero-initialised gate
make the adapter exact at initialisation, nearly parameter-free, and applicable
to any backbone. On six periodic benchmarks it improves DLinear, PatchTST
and iTransformer in 67 of 72 settings and makes a linear backbone competitive
with CycleNet. The ablation gives a clear division of labour, harmonic removal
for the bulk of the gain and Kuramoto coupling for sensor networks whose chan-
nels are physically locked, and two cheap diagnostics tell the two situations apart.
Multi-period adapters, coupling matrices informed by a known sensor graph, and
a faster integrator are natural next steps.
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